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Abstract 

In this paper we shall consider some famous means such as arithmetic, harmonic, 
geometric, logarithmic means, etc. Inequalities involving logarithmic mean with 
differences among other means are presented. 
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1 Introduction 

Let us consider the following well known mean of order t [1]: 



Bt{a,b) 



for all a, 6, t G R, a,b > 0. 
In particular, we have 
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t ^ 

ab, t = 
max{a, b}, t = oo 
^ min{a, b}, t = — oo 



H{a,b) = 


2ab 
a + 6' 


G{a, b) = 


y/ab, 


N,{a,b) = 




A{a,b) = 


a + b 
2 ' 
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and 

B2{a,b) = S{a,b) ' 

The means, H{a,b), G{a,b), A{a,b) and S{a,b) are known in the hterature as har- 
monic, geometric, arithmetic and root-square means respectively. For simphcity we can 
call the measure, Ni{a, b) as square-root mean. It is well know that [1] the mean of order 
t given in (11. ip is monotonically increasing in t, then we can write 

H{a, b) < G{a, b) < Ni{a, b) < A{a, b) < S{a, b). (1.2) 
Dragomir and Pearce [2j proved the following inequality: 

ar + ¥ ^ 5r+l_^r+l ^fa + b 



2 - (r + l)(6-a) ~ V 2 
for all a, 6 > 0, a 7^ 6, r G (0, 1). In particular take r = ^ in (II. ip . we get 



VH+V^^2(63/^-aV^) ,.^6. (1.3) 



2 - 3(6 -a) - V 2 
After necessary calculations in (II. 3p . we get 

^/a + ^/b\ ^ a + ^/ab + ^ ^ ^ \/a + ^fb^ ( J ^ ~^ ^ ) (1 4) 

On the other side we can easily check that 



^/a + ^/b\ ( fa + b\ a + b 

< ■ (1-5) 

The expressions (II. Sp . (I1.4p and (II. 5p lead us to the following inequality: 

H{a, b) < G{a, b) < Ni{a, b) < N^ia, b) < N^^a, b) < A{a, b) < S{a, b), (1.6) 

where 

^.(«» ^ (^) (^) . (1.7) 

and 

/ ,N 0L+ V«6 + b , , 

N,ia,b) = . (1.8) 

Thus we have three new means, where A^i(a, b) appears as a natural way. The N2{a, b) 
can be seen in Taneja [5], |1] and the mean N3{a,b) can be seen in Zhang and Wu [7]. 



2 



Some more properties of the means given in (11. 6p are studied by [5], [0]. A survey on 
these inequahties can be seen in pj. 

Based on the inequahties fll.6p . the author [l]-[5] proved the foHowing results 
H(a, 6) < ,^,-^<°>)^<°-''> < G(a. b) < ^-•^) + S(a,t) 



A{a, 


b) + H{a, 


b) 




h) + H{a, 


b) 




2 




H{a 


, h) + 2S{a, h) 
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2 - 2 

< "^'^'"^ • ^ ^^^^ ^ ^^^^ ^ jj^^^ _ ^^^^ 
O 

< S{a, b)<3 [A{a, h) - G{a, b)] + H{a, b) (1.9) 
H(a, b) < G(a. i) < + ^^-("- "> < N.(a. I) < ^-^K") 



A(a,6) + Ni{a,b) 



< N3{a,b) < N2ia,b) < 



2 



^ g(a,6) + 2iVi(a,&) ^ g(a, 6) + 4iV2(a, b) ^ ^^^^ 
~ 3 ~ 5 ~ 

The above inequahties are based on the following two lemmas [3]: 

Lemma 1.1. Let / : / C R+ R be a convex and dijferentiable function satisfying 
/(I) = /'(I) = 0. Consider a function 

(j)f{a, b) = af (-] , 6 > a > 0, (1.12) 
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then the function (j)f{a,b) is convex in R^, and satisfies the following inequality: 

< 0/(a,6) < Ma,b). (1.13) 

Lemma 1.2. Lei /i, /2 : / C R+ — )■ R 6e iti;o convex functions satisfying the assumptions: 
(z) /i(l) = /((I) = 0, /2(1) = /^(l) = 0; 
(^uj /i anc? /2 are iwzce differentiable in R+; 
(^zuj t/iere exists the real constants a, (5 such that Q < a < (3 and 

«<f7^</3, /^'(^)>0, (1.14) 
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for all X > then we have the inequalities: 

a (a, 6) < (/)/i(a,6) < /3 (j)f2{a,b), (1.15) 

for all a,h E (0, oo). 

The following inequality involving log-mean is also known in the literature: 

H{a, b) < G{a, h) < L{a, b) < Ni{a, b), (1.16) 
where, L(a, b) = IZi^ a ' ^ 7^ is the well-known logarithmic mean. 

Finally, the expressions f ll.6p and f ll.l6p lead us to the following inequality: 
H{a, b) < G(a, b) < L{a, b) < Ni{a, b) < Nsia, b) < N2{a, h) < A{a, h) < S{a, b). (1.17) 

2 Difference of Means 

Let us rewrite the inequalities fll.l3p as 

L(a, h) < iVi(a, h) < N^ia, h) < Nii^a, b) < A{a, b) < S{a, h). (2.1) 
In view of f l2.ip . let us consider the following nonnegative differences 

MsL{a,b) = S{aM-L{aM, (2-2) 

MAL{a,b) = A{a,h) - L{a,h), (2.3) 

MnA^, b) = N^ia, b) - L{a, b), (2.4) 

Mr,,Lia,b) = N,{a,b)-L{a,b), (2.5) 

and 

MN,Lia,b) = Ni{a,b) - L{a,b). (2.6) 

The inequalities (12. ip still admits more nonnegative differences, but they are already 
studied before. 

Now, we shall prove the convexity of the above differences f l2.2p -f l?^ . 
Theorem 2.1. The means given by i\2.2\} - l[27^} are nonnegative and convex in Rl. 



We shall use Lemma 1.1 to prove the above theorem. We shall write each measure 
in the form of generating function, and then give their first and second order derivatives. 
According to Lemma 1.1 it is sufficient to show that the second order derivative in each 
case is nonnegative. 
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For MsL{o,,b): We can write 



MsL{a,b) = afsL[^], a^b,a,b>0 



where 



Writing the first and second order derivatives of fsiix), we have 

X xlnx — X + 1 

v/2(x2 + 1) a;(lna;)^ 

and 



(2x2 + 2f^^ [{x + 1) Inx - 2(x - 1)] + 2x'^ {Inxf 
~ x2 (2x2 + 2)'/' (Inx)' 

2 2 x-1 

+ 



(2x2 + 2)'/' x2(lnx)' V 2 Inx 
where 

, / X 2 /x + 1 X - 1\ 2 , , , , , , 

^(^) = . .2 ( - ^r:r ) = ^77^^^^(^)' ^ i, ^ > o. (2.8) 



X 



(Inx)' V 2 Inx y x2(lnx)' 



We can easily check that 

A;(l) = lim A;(x) = -. (2.9) 

Since A{a,b) > L{a,b), this gives that fiiix) > 0, Vx e (0,oo), x 7^ 1. Moreover, 
n/^ai) = lim/;,^(l) = 0. 

For Mal{(i, b): We can write 



where 



MAL{a, &) = a /al ( ^ ) , a 7^ 6, a, 6 > 



fAL{x) = - ^ X^l 

2 inx 



Writing the first and second order derivatives of fAiix), we have 
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, , xlnx (Ina; - 2) + 2(x - 1) 



and 



2x (Inx) 
(x + 1) Inx - 2{x - 1) 



A;(a;), a; 7^ 1, x > 0, 



(2.10) 



(In x)^ 

Since A{a,h) > L{a,b), this gives that fAii^) > 0, Vx G (0,cxd), x ^ 1. Moreover, 
nm/^^(l) = hm/;,Jl) = 0. 

• For Mjq^L^a.h): We can write 

Mn^l^cl, h) = a f'N^L , a 7^ 6, a, 6 > 

where 



X + -v/x + 1 X — 1 



, x^l 



3 Inx 

Writing the first and second order derivatives of fN2L{x), we have 

^/x (2yx + 1) (In x)^ — 6 (x In X — (x — 1)) 



and 



fN2Li^) 



6x (In x) 

12 ((x + 1) Inx - 2(x - 1)) -y/x{\nxf 



1 



12x^(lnx)^ 
1 



12x2 (In x)^ 
-y^{\n x)V24 



X + 1 X — 1 

2 In X 



+ 



X + 1 X — 1 



12x'^/2 x2(lnx)2 \ 2 Inx 
^ +k{x). 



12x3/2 

The above graph of the function fli^L^x) is given by 



(2.11) 



1 2 3 4 5 
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From the above graph we observe that the function ki{x) is nonnegative for all x G 
(0, oo), and consequently, fN^i^x) > 0, Vx G (0, oo), x ^ 1. 

Moreover, lim/7V2L(l) = lim/^ ^^(1) = 0. Also we have 



lim fLii.^) = hm 



1 



12x3/2 



+ k{x] 



oo 



For MN.^L{a,b): We can write 



MNsiia, b) = a /n^l ( - ) , a^b, a,b>0 



where 



(y/^+l) ^2{X+1) X-1 

Jn3l[x) = ^3—, x^l 



\nx 



Writing the first and second order derivatives of fNsiix), we have 

^/x (In x)^ {2x + ^/x + 1) - 4a/2(z + 1) (x In x - a; + 1) 



Ax {\Tixf ^2{x + l) 



and 



A(2x + 2)3/2 (^(^^ + 1) inx - 2(x - 1)) - (x^/^ ^ (^j^ 



X 



4x2 (lnx)^(2x + 2)3/2 
x3/2 + l \ /x + l x-1 



8x2 2;) 



(2x + 2)3/2 



(x3/2 + 1) 



+ k{x) 



8x3/2(2x + 2)3/2 

The graph of the function flj^^^x) is given by 



(2.12) 



1: 
08: 
06: 
04: 
02: 



4)2 
4)4 



12 3 4 5 
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From the above graph we observe that the function f'li^i{x) is nonnegative for all 
X G (0, oo), and consequently, fN^i^x) > 0, Vx G (0, oo). 

Moreover, lim fj^^iiX) = fN-iii^) = 0- ^l^o we have 



lim fN.Lix) = lim ( - 



+ 1) 



8x3/2(2a; + 2)3/2 + A;(x) 



oo 



For MN^i{a,h): We can write 



MN^Lia, b) = a f^^L ( ~ ) ' a b, a,b > 0, 



where 



fN^L{x) 



X + 1\ X — 1 



In X 



X ^ 1 



and 



Writing the first and second order derivatives of fNiL{x), we have 
, , , X (Inx)^ (a/x + 1) — 4a/x (xlnx — X + 1) 

8 [(x+ l)lnx - 2(x - 1)] - v^(lnx)^ 



1 



8x2 Qnx) 

1 



8x2 (inx)^ 
-a/x (Inx)^ + 16 



X + 1 X — 1 
2 In X 



X + 1 X — 1 
^a;3/2 ' a;2(lnx)' h^ 

The graph of the function /j^^i(x) is given by 



5X' 



3/2 



+ k{x) 



(2.13) 



y 1 



02 04 06 08 1 12 14 16 18 2 
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From the above graph we observe that the function /J^ j^{x) is nonnegative for all 
X G (0, oo), and consequently, fN^i^x) > 0, Vx G (0, oo). 

Moreover, lim fN^ii^) = hm fN^ii^) = 0. Also we have 



1 



lim fN.Li^) = lim + Hx) = oo 



We see that in all the cases the generating function = /(.)(!) = the second 

derivative is positive for all x G (0, oo). This proves the nonegativity and convexity of the 
means fl2.2p - fl2.6l) in R^. This completes the proof of the theorem. 



3 Log-Mean Inequalities 

In view of (12.11) . the following inequalities are obvious 

MjViL(a, h) < MN.iia, h) < M^^Lia, b) < MAiia, b) < Mg^a, 6), (3.1) 

MN,m (a, b) < Mn,n, (a, b) < Man, (a, b) < Msn, (a, b) , (3.2) 

Mat, ^3 (a, b) < ManA(^, b) < MsN,{a^ b) (3.3) 

and 



MAN,{a,b)<MsN,{a,b). (3.4) 

Here we shall prove an improvement over the inequalities (13. ip . While, the improve- 
ment over the inequalities (I3.2p - (I3.4I) is already given in (ll.9p - (ll.lip . The following theo- 
rem holds: 

Theorem 3.1. The following inequalities hold: 

Msda, b) < ^MALia, b) < bM^^da, b) < QM^.l (3.5) 

and 

Msda, 6) < 4 M;v3l(«, b) < 10 M^.l- (3.6) 

The proof of the above theorem is based on Lemma 1.2 and is given in parts in the 
following propositions. 

Proposition 3.1. We have 

MsL{a,b)<^MAL{a,b). (3.7) 



9 



Proof. Let us consider 

/^'^(x) 2x2(lnx)3 + (2 + 2x2)3/2 [[^ + l)lnx- 2{x - 1)] 



gSL^LKX) 



X ^ 1 



f'^^ix) (2 + 2x2)3/2 [{x + 1) Inx - 2(x - 1)] 

for all X G (0, oo), where f'sLi^) and fAi^x) are as given by (12.71) and fl2.10p respectively. 



Calculating the first order derivative of the function gsL.AL{x) with respect to x, one 



gets 



9SH^L\^) 



4x(lna;) 



■X 



' (2 + 2x2)5/2 [(a; + 1) Inx - 2(x - 1)]^ 
{6(x - l)(x2 + 1) - Inx [6(x^ + 1) - (x2 - X - 2) Inx] + 2x^(lnx)2} 



The graph of the function g'sH^ii.^) given by 




We observe from the above graph the following: 



9sl.al{^> 



> 0, X < 1 
< 0, X > 1 



Let us calculate now gsL^Aii^)- We observe that 



9sLyiL[x) 



\x=l 



ifki^))" 



x=l 



indermination. 



x=l 



(3. 



Calculating third order derivatives of numerator and denominator, we have 



9sl^l{1) 



x=l 



10 

T 



5 
2' 



By the application of ffTTlD with ([33]) we get (lO) . 



(3.9) 
□ 
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Proposition 3.2. We have 



MAL{a,b) <2MN,L{a,b). 



(3.10) 



Proof. Let us consider 



gAL.N2L{x) 



12x3/2 [(a; + i)inx-2(x-l)] 
fl^^L^x) ^ x2(ln xf - 12a;3/2 [(x + 1) Inx - 2(x - 1)] ' 



X 7^ 1 



for all X G (0, oo), where f'^Li.^) and f'/i l{x) are as given by fl2.10p and (12.111) respectively. 



Calculating the first order derivative of the function gAL.N2L{x) with respect to x, one 



gets 



, 6x5/2Qn3,)2|i^^[(^^_;Lpj^^_g^^^;L)] _^2(a;-l)} 



{x2(lna;)3 - 12x^/2 [(x + 1) Inx - 2(x - 1)]} 
The graph of the function gALMiii^) given by 



0.2 0.4 0.6 0.8 1 1.2 1:4 1.B 1_« 2 



-0.2 
-0.4 



We observe from the above graph the following: 



> 0, X < 1 
< 0, X > 1 



9al.N2l[^) - 

Let us calculate now gAL.N2L{i)- We observe that 



gAL.N2L[X)\^^^ 



x=l 



(3.11) 



indermination 



x=l 



Calculating third order derivatives of numerator and denominator, we have 



gAL.N2L{^) 



-12 



2. 



x=l 



By the application of ffCT) with fl3:T2D we get (^M). 



(3.12) 
□ 



11 



Proposition 3.3. We have 



MN,L{a,b) < 2MN,L{a,b). 



(3.13) 



Proof. Let us consider 



_ fkii^) _ 2 x^jlnxf + 12x=^/^ [2{x - 1) - (x + 1) Ina;] 
9N,L.mL{x) - - 3 2.2(in^)3 + 8x3/2 [2{x - 1) - (x + 1) Inx] ' ^ 

for all X G (0, oo), where f'li^i{x) and /^'^^(x) are as given by fl2.1ip and fl2.13p respectively. 



Calculating the first order derivative of the function gN2L.NiL{x) with respect to x, one 



gets 



, 4x5/2(lnx)2{12(x-l)+lnx[(x-l)lnx-6(x + l)]} 



{x2(lnx)3 + 8x3/2 [2(2;- 1) - (x+ l)lnx]} 
The graph of the function gN^LMiii^) given by 



0.2 0.4 0.6 0.8 1 



We observe from the above graph the following: 

9n2L.Nil{^) = 

Let us calculate now gN2L.NiL{^)- We observe that 



> 0, X < 1 
< 0, X > 1 



.=1 if'U^)) 



indermination 



x=l 



Calculating third order derivatives of numerator and denominator, we have 



gN2L.NiL{'^] 



-12 



2. 



x=l 



By the application of ffTTlD with (13151) we get fl37[3D . 



(3.14) 



(3.15) 
□ 
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Proposition 3.4. We have 
Proof. Let us consider 



MsL{a,b) <4MN,L{a,b). 



(3.16) 



9SL.N3L[X) 



-4(2x + 2)3/2 [2x2(lnx)3 + (2x2 + 2)^/2 ((^ + 1) Inx - 2(x - 1))] 



(2x2 + 2)3/2 [(3,3/2 + 1)3. In 3, _ 4(2a; + 2)3/2 ((^ + 1) In x - 2(x - 1))] 

for all X G (0, 00), where f'sii.^) and fl^^L^x) are as given by fl2.7p and fl2.12p respectively. 

Calculating the first order derivative of the function gsLM^Lix) with respect to x, and 
making necessary calculations the graph of the function q'slj^^l^^) given by 




We observe from the above graph the following: 
Let us calculate now gsL^NsLi^)- We observe that 



> 0, X < 1 
< 0, X > 1 



(3.17) 



9sl.N3l[x) 



\x=l 



ifki^))" 



x=l 



ifkLi^))" 



indermination 



x=l 



Calculating third order derivatives of numerator and denominator, we have 



x=l 



By the application of (04]) with fl3J8|l we get fl3J6|) . 
Proposition 3.5. We have 



MnA^M < -MN,L{a,b). 



-160^2 



(3.18) 
□ 

(3.19) 
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Proof. Let us consider 



9N3L.NiL[X) 



a;2(lnx)3(x3/2 + 1) - 4:x'^/^{2x + 2)^/2 ((x + 1) Inx - 2{x - 1)) 



, X ^ 1. 



(2x + 2)3/2 [_2;2Qn^)3 + 83,3/2 (^(^3, ^ X) in^, _ 2(a; _ 1))] 
for all X G (0, 00), where f'lj.^L^x) and fN^L^x) are as given by fl2.12p and fl2.13p respectively. 

Calculating the first order derivative of the function gN3L.NiL{x) with respect to x and 
making necessary calculations the graph of the function gN^LNiii^) is given by 




We observe from the above graph the following: 



> 0, X <1 
< 0, X > 1 



9n3L.NiL[^) - 

Let us calculate now gNsLMiL^^)- We observe that 



gN3L.NiL[X)\^^^l 



=1 ifkLi^)) 



(3.20) 



indermination 



x=l 



Calculating third order derivatives of numerator and denominator, we have 



gNsL^iLyX)]^^^ 



-20 _ 5 
^ ~ 2' 



x=l 



By the application of ffTTil) with ([321]) we get fl319D . 



(3.21) 
□ 



Proof of the theorem 3.2. Propositions 3.1-3.3 together proves the inequalities 
f l3.5p and the propositions 3.4-3.5 proves the inequalities (13. 6p . 
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4 Remarks 

In this section we shall give some remarks based on the Theorem 3.1 given in section 3. 
Remark 4.1. Following the similar lines of Theorem 3.1, still we can prove that 

MsH{a,b)<^MsL{a,b) (4.1) 

MAG{a,b) < ^M^i(a,6) (4.2) 

and 

MsNM,b) <^MsL{a,b), (4.3) 

where 

MsHia,b) = S{a,b) - H{a,b) 
MAcia, b) = A{a, b) - G{a, b) 

and 

MsNM^b) = S{a,b) - Ni{a,b). 

The convexity of the measures MsH{cL,b), MAcici^b) and MsNi{o,,b) can be seen in 
Taneja [4] 

Remark 4.2. The following inequalities hold: 

Msnia, b) < ^MsL(a, b) < SMAcia, b) < ^M^z.(a, b) (4.4) 

and 

MsAia, b) < -MsN,{a, b) < -Msn,{(^, b) < -MsL{a, b) (4.5) 
Proof. We know that the following inequalities hold: 

MsA{a, b) < ^MsH{a, b) < ^MAH{a, b) < ]^MsG{a, b) < MAcia, b). (4.6) 

and 

MsA{a, b) < ^Ms7V3(a, b) < '^MsnM. b). (4.7) 
The proof of the inequahties fl4.6p and f l4.7p can be seen in Taneja [1]. 

Inequalities ( 14. 6 p together with fl4.ip and f l4.2p give fl4.4p . Inequalities fl4.7p together 
with (14. 3 p give (14. 5p . Still we need to show that 

^-MsL{a,b)<2MAG{a,b), (4.8) 
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i.e., 

MsL{a,b) < -MAG{a,b) 

In order to show this let us consider the difference 

ri(a, b) = ^MAcia, h) - MsL{a, b) 

5A(a, h) - 5G(a, h) ( b\ 

= ^ S{a, b) + L(a, b) = a JtA-U 

where 

„ , , 5(a;+l) Syi ^2x'^ + 2 x-1 

ItAx) = h -; , X ^ 1, X>0 

' 6 3 2 Inx ' ^ ' 

The graph of the function fx^ {x) is given by 



02 04 06 08 1 12 14 1B 18 2 



From the above graph it is clear that Ti{a,b) > 0. Proving the inequalities fl4.8p . 
consequently, proving (14.41) . □ 

Remark 4.3. The following inequalities hold 



^ , ^, S{a, b) + 9L(a, b) ^ 2N3{a, b) + 3L(a, b) 
L{a,b) < < 

5A{a, b) + 7L(a, b) 5A^2(a, 6) + L(a, 6) 

12 - u > ; - g 

Proof. Simplifying the inequalities (13. 4p and (13. 5 p given in Theorem 3.1, we get 



(4.9) 



Sja, b) + 5L(a, b) ^ 5A(a, 6) + 7L(a, b) ^ , STVaK^^ + ^f^M) 

< ^ < A'i(a,o) < (,4.1Uj 



and 



6-12 

5(a,6) + 9L(a,6) 2N^{a,b) + ?>L{a,b) 



10 



< 



6 



<iVi(a,6) 



(4.11) 



respectively. 
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Combining the above two inequalities f l4.10p and f l4.1ip . we can get f l4.9p provided the 
following hold 



2N3{a,b) + 3L{a,b) 5A{a,b) + 7L{a,b) 



< 



12 



(4.12) 



In order to prove inequalities fl4.12p . let us consider the difference 

5A{a,b) + 7L{a,b) 2N3{a,b) + 3L{a,b) 



T2{a,b) 



12 5 
25A(a, b) - 2ANsia, b) - L(a, b) 

60 " 



T2 



where 



5 fx + l\ 1 fx-l\ 2 (1 + y/i) (v/2^) , 



The graph of the function /rala^), a; > 0, x 7^ 1 is given by 



0.08 
006 
004 
002 


4im 

^04 
^06 
.0.08 



02 04 06 08 1 12 14 16 18 2 



From the above graph we observe that the function fT2{x), a; > 0, x 7^ 1, is nonneg- 
ative with /t2(1) = 0. Thus we conclude that the validity of the expression (I4.4p proving 
the inequalities fl4.ip . □ 

Remark 4.4. There is no relation between the expressions 

S{a,b) + 5L{a,b) 



and 



6 



2N3{a,b) + 3L{a,b) 



Proof. This we shall show by simple example. Let us write the difference 

^, Sia,b) + 5L{a,b) 2Ns{a,b) + 3L{a,b) „ fb 
Tsia,b) = = a/^3 ( - 
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where 



Mix) 



V2 + 2x2 7 /x-1 
12 ^ 30 V Inx 



;i + y/j) v/2^T2 
10 



X 7^ 1, X > 



By simple calculations, we have 

(0.00001) = -0.00337512758 and fT,<0> = 0.0001321351. 

Thus we have two values, one negative and another positive proving that we can't 

□ 



have relation between these two measures. 

Remark 4.5. The followings hold 

, 5N2(a,b) + L(a,b) 
N2ia,b) < ^ < m{a,b). 

Proof. In view of fl4.10p . it is sufficient to show that 



(4.13) 



Let us write 



6 



Ti{a, b) = Nsia, b) = a fxA- ] , 



where 



(1 + y/j) (V2^T2) 5(l + v/i + x) lx-1 
Jta{x) = ^ — ^-^7— ' 2:7^1, x>0 



4 18 
The graph of the function fr^ (x) is given by 



6 Inx 



DOT 
006 
005 
0.04 
0.03 
0.02 
001 




02 04 06 08 1 12 14 IB 18 2 



From the graph above it is clear that Ti{a, b) > 0. Proving the inequalities f l4.13p . □ 



18 



References 



[1] E.F. BECKENBACH and R. BELLMAN, Inequalities, Springer- Verlag, New York, 
1971. 

[2] S.S. DRAGOMIR and C.E.M. PEARCE, Selected Topics on Hermite-Hadamard In- 
equalities and Applications, Research Report Collection, Monograph, 2002, available 
on line: rgmia.vu.edu.au/monographs/index.html 

[3] LJ. TANEJA, On symmetric and non-symmetric divergence measures and their 
generalizations, Chapter in: Advances in Imaging and Electron Physics, Ed. P.W. 
Hawkes, 138(2005), 177-250. 

[4] I.J. TANEJA, Refinement of Inequalities among Means, Journal of Combinatorics, 
Information and Systems Sciences, (special issue in honor of Prof. B.D. Sharma) 
Edited by Prof. Sat Gupta, Vol. 31(2006), 357-378. 

[5] I.J. TANEJA, On Mean Divergence Measures, Advances in Inequalities from Proba- 
bility Theory and Statistics - Edited by N.S. Barnett and S.S. Dragomir, Nova Science 
Publishers, 2008, 195-215. 

[6] I.J. TANEJA and P. KUMAR, On Some Inequalities among Means and Divergence 
Measures: A Survey, Advances in Inequalities from Probability Theory and Statistics 
- Edited by N.S. Barnett and S.S. Dragomir, Nova Science Publishers, 2008, 217-235. 

[7] ZHI-HUA ZHANG and YU-DONG WU, The New Bounds of the Logarithmic Mean, 
RGMIA Research Report Collection, http://rgmia.vu.edu.au, 7(2)(2004), Art. 7. 

[8] H. N. SHI, J. ZHANG and DA-MAO LI, Schur-Geometric Convexity for Difference 
of Means, Applied Mathematics E-Notes, 10(2010), 275-284 

[9] HUAN NAN SHI and JIAN ZHANG, Schur-Geometric Concavity for Difference of 
Means, available on line - http://rgmia.org/papers/vl2n4/huannan2.pdf, 2010, 1-12 



19 



